A Hilbert-type linear operator T :
Introduction
In 1925, Hardy 1 extended Hilbert inequality as follows.
If p > 1, 1/p 1/q 1, a n , b n ≥ 0, 0 < 
It has been proved that 1. 
Lemmas
Lemma 2.1. Set r, s as a pair of conjugate exponents, s > 1, α > 0, 0 < λ ≤ 1, and define g u :
Then, one has the following:
1 the function f s x satisfies the conditions of 1.10 and 1.11 . This means
2.4
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2.5
These are followed by
Then inequality 2.3 holds. 
then, one has
where k λ s is defined by 2.4 .
Proof. By 2.9 and 2.2 , it is evident that
2.12
In view of 2.3 , 1.10 , and 2.4 , one has 
2.16
In view of 2.13 -2.16 , one has
2.17
If 
2.22
This implies that 2.19 holds. 
Proof. 1 By α > 0 and ε > 0, one has
which implies that inequality 2.26 holds.
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2 By y ≥ 1 − α, letting 0 < ε < pλ/2r, one has y α −1−ε ≤ y α −1 . And setting
2.29
Set ε → 0 , then the inequality 2.27 holds. Lemma 2.4 is proved.
Main Results
Firstly, the following notations are given. 1 Set p > 0, p / 1, r > 1, p, q and r, s are two pairs of conjugate exponents. Let
3.1
2 Set p > 1, p, q is a pair of conjugate exponents. Let
It is a real space of sequences, where
is a norm of sequence a with the weight function φ. Similarly, it can define the real spaces of sequences: , one has 1
It means that T : 
3.8
And if ψ n ϕ 1−p n , by 2.9 and 2.10 , it follows that 
3.11

